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1 Introduction 

In the local theory of submanifolds a fundamental but difficult problem is to 
describe the isometrically deformable isometric immersions /: M"+p into 

Euclidean space with low codimension p if compared to the dimension n > 3 of 
the Riemannian manifold. Moreover, one would like to understand the set of all 
possible isometric deformations. 

Submanifolds in low codimension are generically rigid since the fundamental 
Gauss-Codazzi-Ricci system of equations is overdetermined. Rigidity means that 
there are no other isometric immersion up to rigid motion of the ambient space. 
As a consequence, it is quite easier to give a generic assumption implying rigidity 
than describing the submanifolds that are isometrically deformable. For instance, 
the results in P and |5] conclude rigidity provided the second fundamental is 
"complicated enough" . 

The result stated by Beez [3j in 1876 but correctly proved by Killing [13] in 
1885 says that any deformable hypersurfaces without flat points has two nonzero 
principal curvatures (rank two) at any point. For dimension three the deformation 
problem for hypersurfaces was first considered by Schur as early as 1886 and 
then completely solved in 1905 by Bianchi |3]. The general case was solved by 
Sbrana [15] in 1909 and Cartan |6] in 1916; see [8] for additional information. 
From their result, we have that even hypersurfaces of rank two are generically 
rigid. 

Outside the hypersurfaces case, the deformation question remains essentially 
unanswered to this day even for low codimension p = 2. From [5J or [9] any 
submanifold /: M" — M""*"^ is rigid if at any point the index of relative nullity 
satisfies Uf > n — 5 and any shape operator has at least three nonzero princi- 
pal curvatures. If only the relative nullity condition holds we know from [12] 
that / is genuinely rigid. This means that given any other isometric immersion 
/: M" — s> M""*"^ there is an open dense subset of M" such that restricted to any 
connected component f\u and f\u are either congruent or there are an isomet- 
ric embedding j: U ^ iV"+^ into a Riemannian manifold A^^^^ and either fiat or 
isometric Sbrana-Cartan hypersurfaces F, F: N^^^ M"+^ such that f\u = Foj 
and flu = F oj. 



One may expect the nowhere flat submanifolds /: — > R""*"^ whose second 
fundamental form is "as simple as possible" , namely, with constant relative nullity 
index uj = n — 2, to he easily deformable. However, we believe that, as part of 
a general trend, submanifolds in this class are generically rigid as happens in 
the hypersurface situation. These rank two submanifolds where divided into 
PH] into three classes: elliptic, parabolic and hyperbolic. It was shown there 
that the elliptic and the nonruled parabolic ones are genuinely rigid. The ruled 
parabolic submanifolds admit isometric immersions as hypersurfaces and have 
many isometric deformations. Examples of hyperbolic submanifolds that are not 
genuinely rigid where discussed in [lOj but there are not general results for this 
class yet. 

In this paper, we generalize [lU] by showing that the nonruled parabolic sub- 
manifolds are not only genuinely rigid but are, in fact, isometrically rigid. In 
particular, this unexpected result provides the first known examples of locally 
rigid submanifolds of rank and codimension two. Observe that by our result 
any nonruled parabolic submanifold cannot be locally realized as a hypersurface 
of a Sbrana-Cartan hypersurface. This is certainly not the case for the ellip- 
tic submanifolds. The remaining of the paper is devoted to a local parametric 
classification of all parabolic submanifolds. 

2 Preliminaries 

Let /: M" — M"~*"^ denote an isometric immersion with codimension two into 
Euclidean space of a Riemannian manifold of dimension n > 3. We denote its 
second fundamental with values in the normal bundle by 

af TM xTM ^ T^M. 
The shape operator A^: TM — * TM for any ^ G T^M is defined by 

{A{X,Y) = {af{X,Y),i). 

We assume throughout the paper that / has constant rank 2. This condition is 
denoted by rankj = 2 and means that the relative nullity subspaces A(x) C T^M 
defined by 

A(a;) = {X e T^M : a/(X, Y)=0;Y e T^M} 

form a tangent subbundle of codimension two. Equivalently, the index of relative 
nullity I'fix) = dim A(x) satisfies ^'/(x) = n — 2. It is a standard fact that the 
relative nullity distribution is integrable and that the {n — 2)-dimensional leaves 
are totally geodesic submanifolds of the manifold and the ambient space. 

The following fact was proved in [lOj. 
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Proposition 1. Let /: M" R"+^ be an isometric immersion o/rankj = 2. 
Assume that M" has no open flat subset. Then, given an isometric immersion 
g: M" — > M""*"^, there exists an open dense subset of M" such that along each 
connected component V we have: 



(i) rankg = 2 and Ag = Af, 



or 



(a) rankg = 3 and g\y = koh: V M"+^ is a composition of isometric immer- 
sions h: V U and k: U ^ M"+^ where U C W^^^ is open. 

The simplest submanifolds /: M" M"+^ of rank/ = 2 are called surface- 
Uke. This means that /(M) C x M"-^ with c or /(M) C CL^ x M"-^ 
where CL^ C is a cone over a spherical surface C The following 
characterization in terms of the splitting tensor is well-known; see [S] or [T^ . 
Recall that associated to the relative nullity foliation the splitting tensor C is 
defined as follows: to each vector T G A corresponds the endomorphism Ct of 
A"*- given by 

CtX = - (Vxr)^x . 

Proposition 2. Let f: M" M"+^ 6e an isometric immersion o/rankj = 2. 
Assume that Ct = IJ'{T)I for any T G A. Then each point has a neighborhood 
where f is surface-like. 

3 Parabolic submanifolds 

A submanifold /: M" —* of rankj = 2 is called parabolic if we have: 

(i) At any x G M", we have 

T/^^)M = span{a/(X, Y);X,Ye T^M}. 

(ii) There is a nonsingular (asymptotic) vector field Z G A"*" such that 

af{Z,Z) = 0. 

Clearly, if / is parabolic there is a smooth orthonormal frame {rji, 772} of Tj-M 
such that the shape operators have the form 



a h 
b 



and A^Ja 



c 




(1) 



with 6, c G C°°(M) nowhere vanishing. In particular, the asymptotic vector field 
Z is unique up to sign. 
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It is well-known (cf. [12] or [S]) that the differential equation 

VtA( I AX = A( I ax o Ct + a vx^ I AX (2) 

holds for any T G A and G Tj-M. In particular, A^|ax oCt is symmetric. From 
this and {ii) it follows easily that 



m 

n m 



(3) 



for any T G A. From Proposition [21 we conclude that / is surface-like if and only 
if n = {CtX, Z) = for any T G A. 

Recall that an isometric immersion /: M" M"'^^ is ruled when there is a 
foliation by open subsets of (n — l)-dimensional affine subspaces of M""*"^. Observe 
that a ruled submanifold in codimension 2 does not have to be parabolic. In fact, 
generically we have rank/ = 3. 

Ruled parabolic submanifolds are never locally isometrically rigid as seen in 
the converse part of the following result in [10]. In fact, the direct statement will 
be an important element in the proof of our main result. 

Proposition 3. // /: M" M"+^ is a ruled parabolic submanifold. If M"' is 
simply connected then it admits an isometric immersion as a ruled hypersurface 
in M"+^ 

Conversely, let g: — M""*"^ be a simply connected ruled hypersurface with- 
out flat points. Then, the family of ruled parabolic submanifolds f: M" M^^^ 
is parametrized by the set of ternary smooth arbitrary functions in an interval. 



4 The main result 

The following result generalizes the one in [TU] and provides the first known 
examples of locally rigid submanifolds of rank and codimension two. 

Theorem 4. Let f: M" M"+^, n > 3, be a parabolic submanifold neither 
ruled nor surface-like on any open subset of M"' . Then f is isometrically rigid. 

The following is a key ingredient of the proof of the theorem. 

Proposition 5. Let f: M" M^^^ be a simply connected parabolic submanifold. 
If f is not of surface type in any open subset of and admits an isometric 
immersion as a hypersurface ofMT''^'^ then f is ruled. 

Proof: Let g: M" — > M""*"^ be an isometric immersion. We denote by its Gauss 
map. Given x G M", let /3: T^M x T^M be the symmetric bilinear form 

P{Y, V) = {A{.J, V)e, + {A% Y, V)e2 
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where rji is as in ([T]) and {ci, 62} is an orthonormal frame for the Lorentzian plane 
such that ||eip = 1 = — ||e2|P and (61,62) = 0. Then f3 is flat since, from the 
Gauss equations for / and g, we easily see that 

{P{X, Y),P{V, W)) - {P{X, W),P{V, Y)) = 0. 

We claim that ^g{x) = Af{x). Since parabolic submanifolds have no flat 
points it follows that dim Ag{x) < n — 2. If Ag{x) 7^ A/(x), it is easy to see that 

Si(3) = span{/?(F, V) ; Y,V e T^M] 

satisfies S{(3) = L^. From Corollary 1 in [H], we obtain that 

N{/3) = {Ye T^M ■./3iY,V)=0;Ve T^M} 

satisfies dimN{P) = n — 2. Since N{P) = A^, fl A/, this is a contradiction and 
proves the claim. 
Set 



Using Q we conclude from the symmetry of 

am + bn bm 
bm + cn cm 

that cn = 0. It follows from Proposition [3] and our assumption that / is nowhere 
surface-like that c = 0. In particular, we have from the Gauss equations for / 
and g that we can choose an orientation for g such that b = b. 

Taking the Z-component of the Codazzi equations for and give 

2b{VxX, Z) - a( VzX, Z) - Z{b) = (4) 

and 

2b{WxX, Z) - a{VzX, Z) - Z{b) = 0. 

Thus, 

{a-a){\/zZ,X) = 0. 
Suppose that {'VzZ,X) = in an open subset U of M^. From ([3]) we have 

{VzT,X) = -{CtZ,X)=0. (5) 

Then taking the Z-component of the Codazzi equations for g applied to Z, T gives 

{VtZ,X) = 0. 

It follows from the above that distribution span{Z} ©A is totally geodesic on U. 
But then / is ruled on U as we wanted. 



A%oCt = 
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Assume now that a = a on an open subset. Taking the X-component of the 
same Codazzi equations as above gives 



X(6) - a{VxZ, X) - Z{a) + 26(VzX, Z) + c(V^r/i, r^^) = 



(6) 



and 



X{b) - a{WxZ, X) - Z{a) + 2b{VzX, Z) = 0. 
Thus (VzViyV^) = 0. The Codazzi equation for apphed to X, Z yields 



(7) 



c{VzZ,X)=b{VW,V2). 
Again {VzZ,X) = 0, and the proof follows. | 

Proof of Theorem^ Let g: M" — > M*^"^^ be an isometric immersion. Since / is 
nowhere ruled, Proposition [5] asserts that there is no local isometric immersion 
of M" as a hypersurface in M""*"^. From Proposition [H we obtain rank^ = 2 and 
that Ag = A/. 

Take {r]i,rj2\ as in ([T]) and recall that ^ holds for any T G A. Since o Ct 
is symmetric for any f] G T^M, it follows as before that Z is asymptotic for g. 
Therefore, we may fix a orthonormal base {f]i,f]2} of T^M such that 



A' 



a h 
b 



and A^Ja 



c 




Since holds for both immersions, we have 

{a-a){\/zZ,X) = 0, 
and conclude that a = a. Similarly, we have from that 

c{^zVi,V2) = c{V^f]i,f]2). 
Now computing the Z-component of the Codazzi equations for A{^^ and Af^^ gives 

c{^zVuV2) = c{Vzf]uV2)- 

It follows that 

c = c and (V^z/i, V2) = (V^r^i, r^a). 
Then taking the X-components yields 

{^xVi,V2) = {^xVl,V2)- 

We conclude from the fundamental theorem of submanifolds (cf. [7]) that / and 
g are congruent by a rigid motion of the ambient space. | 



6 



5 Ruled parabolic surfaces 

In this section, we give a parametric description of all ruled submanifolds in M""*"^ 
that are parabolic. 

Let v: I ^ M"+^ be a smooth curve parametrized by arc length in an interval 
/ in M. Set ei = dv/ds and let 62, ... , Gn-i be orthonormal normal vector fields 
along V = v{s) parallel in the normal connection of v in M""*"^. Thus, 

de- 

-^ = bjei, 2<j<n-l, (8) 

where bj G C°°{I). Set A = span{e2, . . . ,e„_i} and let A-*- be the orthogonal 
complement in the normal bundle of the curve. Take a smooth unit vector field 
Co G A"*- along v such that 

P = span{eo, {dei/ds)^±} C A"*" 

satisfies: 

dimP = 2 (9) 
and P is nowhere parallel in A^ along v, that is, 

span{(deo/ds)/^±, {d'^ei/ds'^)/^±} ^ P. (10) 

We parametrize a ruled submanifold M" by 

n-l 

/(s,ti, . . . ,t„_i) = c(s) + ^tjej{s) (11) 

j=i 

where (ti, . . . , t„_i) G R"~^ and c(s) satisfies dc/ds = cq. To see that / is 
parabolic, first observe that 

TM = span{/J © span{ei} © A 

where /s = eo + tidei/ds + J2j>2^jbj^i- Consider the orthogonal decomposition 

(^) = + <^2' 

Thus 77(5) 7^ for all s G / from ([9]). Hence, 

TM = spanjeo + ti(aieo + rj)} © spanjci} © A, (13) 

and it follows easily that / is regular at any point . 

Since fst = bjCi G TM, 2 < j < n — 1, we have that A C Aj. It follows 
easily from jni), ([iH]) and r/(s) ^ that 



It is easy to see that fss ^ spanl/^j^} © TM, i.e., dim A^/ = 2, is equivalent to 



It follows easily that A = Aj and that / is parabolic in at least an open dense 
subset of M". 

Let /: M" — > R"+^ be a ruled parabolic submanifold and {e2, . . . , e„_i} an 
orthonormal frame for Aj along a integral curve c = c(s), s G /, of the unit vector 
field X orthogonal to the rulings. Without loss of generality (see Lemma 2.2 in 
[2]) we may assume that 

^±A,. 2<,<„-l. 

Now parametrize / by ffTTl) . where Cq = X and ei = Z . That /^j^. G TM implies 

de- 

^ Gspan{ei,/J, 2<j<n-L (14) 

Taking ti = 0, we obtain that 

de- 

-J- = ajeo + bjCi, 2 < j < n - 1, (15) 

where aj,bj G C°°(/). Since dimN( = 2, we have 

d^i / , / , \ 

— — = aiCo + [dei/dsjA + 
ds 

where ?7 ± spanjeo, ei} © A satisfies 77(5) 7^ 0. Thus (IT^ reduces to 

a^eo G span{(l + tiOi + . . . + t„_ia„_i)eo + tii]}, 2 < j < n - 1. 

Therefore aj = 0. From (fT5|) we have dej/ds = bjCi for 2 < j < n — 1. 
We have proved the following result. 

Proposition 6. Given a smooth curve c: I G ^ —>■ M"+^ consider orthonormal 
fields Co = dc/ds, ei(s), . . . , e„_i(s) satisfying (Ej), ([^ and ( I70|) any point. 
Then, the ruled submanifold parametrized by 

n—l 

/(s,ti, . . . ,t„_i) = c(s) + ^tjej(s) (16) 

with [ti, . . . ,tn-i) G M""^ zs parabolic in an open dense subset of . Conversely, 
any ruled parabolic submanifold can be parametrized as in ( fl^) . 
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6 Nonruled parabolic surfaces 

In this section, we provide a parametrically description of all nonruled Euclidean 
parabolic submanifolds. 

Let be a Riemannian manifold endowed with a global coordinate system 
(x, z). Let g: M^, > 4, be a surface whose coordinate functions are 

linearly independent solutions of the parabolic equation 

^ + W{u) = (17) 
where W G TL. In terms of the Euclidean connection, we have 

Vz9*Z + g,W = 

where Z = d/dz. Thus, the coordinate filed Z is asymptotic, i.e., the second 
fundamental form of g satisfies 

ag{Z,Z) = ^, (18) 

and also W = —VzZ. In particular, the coordinate functions satisfy 

Hess„(Z,Z) = 0. (19) 

Conversely, if /: —>■ is a surface with a coordinate system {x, z) such 
that d/dz = Z satisfies f|T8l) . then all coordinate functions of / satisfy f|T71) with 
W = -VzZ. 

Given a surface g: M^, > 4, we denote 

Nf{x) = span{a,(X, Y)-X,Ye T^L}. 

We call g a parabolic surface if the following conditions hold. 

(i) dimA^f (x) = 2 at any x G L^. 

(ii) There is a nonsingular vector field Z G TL such that ag{Z, Z) = 0. 
Let h: be a smooth map satisfying 

K{TL) C T^L. (20) 
Set h = U + 6 where U G TL and 6 G T^L. Given Y G TL, we have 

h,{Y) = WyU - A^(r) + a,(y, U) + V^<5. 
It follows that fl2Ul) is equivalent to 

Vyf/ = A^y, for any F G TL. (21) 
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In particular, the map {Y,X) t— > (Vyf/, X) is symmetric, i.e., the one-form U* is 
closed. Thus U = Vf for some function (f G C°°{L). We obtain from (121 p that 

Hess^ = 

and hence (p satisfies (1191) . Let A denote the orthogonal complement of Nf in 
T^L, that is, 

Tg^L = Nf © A. 

We have just proved the direct statement in the following result since the 
proof of the converse is immediate. 

Proposition 7. Let g: LP' M.^ be a parabolic surface. Then any smooth map 
h: L^ — s> satisfying i[2U\) has the form 

= g,V^ + 71 + 70 (22) 

where the function ip satisfies [T^for ^E)), the section 71 G Nf is unique such 
that A^_^ = Hess^ and 70 is any section of A. Conversely, any function as in 
satisfies 



Let /: M" be parabolic. For simplicity, we assume that / does not 

split a Euclidean factor. Since we are working locally, we assume that is the 
saturation of a transversal section L^ to A. In relation to the following definition 
recall that the normal bundle Tj-M is constant along A in M""^^. 

Definition 8. Let /: — > M"+^ be a parabolic submanifold and let be 
as above. We call a polar surface associated to / any immersion g: L^ — > M"-"*"^ 
satisfying Tg{^x)L = Tj-^^-^M up to parallel identification in M"+^. 

Proposition 9. Any parabolic submanifold f admits locally a polar surface. 
Moreover, any polar surface g associated to f is parabolic and substantial. 

Proof: Let 771,772 G Tj-M be orthonormal vector fields such that ([T]) holds. We 
claim that they are parallel along A in the normal connection. It follows from 
^ that 

VtA{ = aIoCt 

is satisfied if ^ T^M is parallel along A. Given x G M", let 7 be a geodesic 
with 7(0) = X contained in the leaf of relative nullity tangent to A(x). If 6t is 
the parallel transport of 7]x along 7, we have 

VyAi=AioCy. 

Hence, Ag^ = A^^e-^o ""t"^^. Thus Ag^ has constant rank along 7. It follows that 
has constant rank along the leaves of relative nullity. Now observe that rji 
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is the unique (up to sign) unit vector field in T^M such that the corresponding 
shape operator A(^_^ has rank one. Thus rji and hence 7]2 are parallel as claimed. 

Next, we claim that also the orthonormal frame {X, Z} in A-*- as in ([T]) is 
parallel along A. In fact, using and the Codazzi equation we obtain 

V^af{Z,X) = {VTZ,X)af{X,X) - {V zT, Z)af{Z, X). 

Since rji is colinear with af{Z,X) and parallel along A, the claim follows easily. 
Let U,V ^ TL be such that 

Z = U + 6i, X = V + 62 

where 61,62 G A. Now let {u,v) be a coordinate system in such that 

du =: d/du = XiU, dv =: d/dv = X2V 

where Ai,A2 G C°°{L). We show next that there exist linearly independent one- 
forms 61,62 such that the differential equation 

dg = 6^7], + 62V2 (23) 

is integrable. Set 

61 = cX2(f)dv and 62 = h\i(f)du + adv (24) 

where a G C'^{L) and h, c denote the restriction to of the functions in 
defined in ([1]). The integrability condition of fl23l) is 

= d6irii + d62'n2 + 61 ^ drji + 62 A dr]2 

= d6ir]i + d62'r]2 — {c\24>9'r]i / du — bXi(f)dri2 / dv + adri2/du) dV 

where dV is the volume element of L^. We have 

'^duVj = ^Xi{z~5i)r]j = ^i^zTjj and VavVj = ^X2{x-52)Vj = >^2^xr]j- 
Thus, we obtain from ([T]) that 

{cX24>dr]i/du - bXi(f)dr]2/dv + cTdr]2/du)TM = 0. 

Then, 

cX2^drji/du — bXi(f)dr]2/dv + adrj2/du = erji + £772 

where e,^ G C°°{L). To conclude, we observe that the integrability condition 
now follows from the integrability of the system 

J (cA20)« = e 
[ cr„ - (6Ai0)^ = i. 

It remains to see that g is parabolic. It is clear that Nf = A^, and hence 
dimA'^f = 2. It follows from flMl) that g^.{du) = hXi(j)rj2- Then, we obtain from 
([1]) that V Qug*{du) G TL as we wished. | 
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Theorem 10. Let g: L?' ^ R"+^ he a parabolic surface and let^!: A ^ M"+^ he 
the map defined by 

^(5) = h{x) + 6, 6 G A(x), (25) 

where h: L"^ R"+^ satisfies [2D\) . Then, M" = \1/(A) is, at regular points, a 
parabolic submanifold with polar surface g. Moreover, \1/ is nonruled if and only 
if g is nonruled. 

Conversely, any parabolic submanifold f : M" — > admits a parametrization 
/ f^) locally where g is a polar surface of f . 



Proof: Since g is parabolic there is an orthonormal tangent frame {X, Z} of TL 
and an orthonormal normal frame of {?7i, ?72} of Nf such that 



Ai 



a b 
b 



and At 



V2 



c 




with 6, c G C°°(M) nowhere vanishing. 

It follows from the symmetry of the tensor (see |Sp]) 



that 
that is, 

Next we show that 



a2(\/,F,iy) = (V^a,(r,iy))(^.)x 
(V^a,(X,Z))(^.)x=0, 

i\/zKiZ))TL = 0. 



(26) 



(27) 



In fact, we have 

{Vzh,{Z),W) = {Vzh,ag{W,Z)) = {Vw^zh,Z) = {VzVwh,Z) = 

since Z is asymptotic. 

Since h satisfies (1201) it follows easily from the regularity assumption that 
T,j,(5^)M = T^L{x). Moreover, we have that A,i,(5^) = A(x). Let us see that \E' is 
parabolic. Since 

^^Z) = K{Z) + Vz5 G T^^^^L = T^(s.)M, 
we have using (126|) and (p71) that 



(Vz^,(Z),H^) = {VzK{Z) + Vz5,ag{W,Z)) 

= {VzK{Z),ag{W,Z)) + {5,V^z0^g{W,Z)) 
= 0. 



(2^ 
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Since rji G T^L = T^M, and because (VxVi)tl, (^zVi)tl are linearly indepen- 
dent and belong to T^M, then dimA?^^* = 2. Thus \l/ is parabolic. 

Let us see that is not ruled. We have from fl28|) that the asymptotic direction 
of is normal to rji, thus colinear with 772- Since is ruled if and only if 
{^zV2,Vi) = 0) we have from ([7]) that g is ruled. 

For the converse, consider a polar surface g: —>■ M"+^ of /. Since / has no 
Euclidean factor then g is substantial. It is now easy to conclude that Aj = A 
and TM = T^L along L^. Thus, h = satisfies | 
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